The technique of integral Hankel transform to find the solution of heat conduction in half--space coated by a multilayered package of homogenous laminae is applied. The half-space is heated by the given heat flux on the boundary surface. The temperature and heat flux distribution in the radial direction is analyzed for two types of coatings: 1) when the heat conductivity coefficient is described by a power or exponential function of the distance to the boundary surface; 2) multilayered coating has a periodic structure.
Introduction
Modern engineering construction require the use of materials with appropriate thermal and mechanical properties which make them more and more complicated structures. To such materials belong media with functionally changing gradation properties (i.e. gradient materials). Furthermore, the surface coverage of gradient materials significantly affect the behaviour of the bodies under the influence of mechanical and thermal loads.
The formulations of the problems lead to boundary value problems of partial differential equations with varying coefficients. For the power (or exponential) law of variation of the heat conduction coefficient (or Young's modulus), the analytical methods of solutions are known Erdogan, 2004, 2006; Matysiak et al., 2011; Kulchytsky-Zhyhailo and Bajkowski, 2015) . If the thermal and mechanical properties are described by other functions, obtaining analytical solutions encounters considerable mathematical difficulties. Parallel with the application of analytical methods for the solution of partial differential equations, inhomogeneous layers are also modeled by using an approach according to which the coating is replaced by a package of homogeneous or inhomogeneous layers ( Diao et al., 1994; Liu J. et al., 2011 Liu J. et al., , 2012 . However, the axisymmetric and three-dimensional problems are dealt with in a much lesser degree.
A special type of graded coating is the multilayered coating with periodic structure (Farhat et al., 1997; Vevodin et al., 2001 ). In the modeling of laminated half-spaces or coatings with periodic structures, it is customary to use two different approaches. In the first of these approaches the layers are considered as separate continuous media. The second approach is based on the analysis of a homogenized uniform coating whose properties are determined on the basis of the material properties and geometric characteristics of the strip of periodicity (Matysiak and Woźniak, 1987; Woźniak, 1987) . The solution obtained for the laminated half-space is compared with Kulchytsky-Zhyhailo and Matysiak (2005) .
In the present work, we consider an axisymmetric problem of heat conductivity for half-space with a multilayered coating. The boundary surface is heated by the given heat flux. In parallel, we obtain: 1) analytical solutions of the problems for the coating whose heat conductivity coefficient is described by a continuous function of the distance to the boundary surface; 2) the solution for the multilayered coating with a periodic structure which is described by a homogenized uniform layer (Matysiak and Woźniak, 1987; Woźniak, 1987) . We analyze the difference between the temperature and heat flux in the non-homogeneous half-space caused by the use of two different models of nonuniform coatings. The obtaining of the smallest deviations in consideration of the heat conduction problem will be a strong argument in favor for application of the proposed methods for solving axisymmetric and three-dimensional problems of thermoelasticity for the functionally graded coated half-space.
Formulation of the problem
Assume that the surface z = h of the non-homogeneous half-space is heated by a heat flux q(r) on the circle of radius a, where r, z are dimensionless cylindrical coordinates referred to the linear size a, h = H/a, H is thickness of the coating (Fig. 1) . The non-homogeneous half space is formed by the homogeneous half-space with the heat conductivity coefficient K 0 and a system of non-homogeneous layers with thicknesses H i and the heat conductivity coefficients K i , i = 1, 2, . . . , n, respectively, where the value of the parameter n corresponds to the number of the layer in the package. Assume that the conditions of perfect thermal contact are realized between the layers of the coating and between the coating and the base.
The analyzed problem of theory of heat conduction is reduced to the solution of the following partial differential equations
with boundary conditions imposed on the surface of the non-homogeneous half-space
conditions of perfect thermal contact between the components of the considered half-space
and conditions imposed at infinity
where T i is the temperature in the i-th component of the non-homogenous medium, the index i = 0 describes the parameters and functions of state in the homogeneous half-space, h * i is the coordinate z of the upper surface of the i-th component of the non-homogenous half-space,
Method of solution
The solution of the boundary value problem is sought by applying the Hankel integral transformation (see Sneddon, 1966 )
where J 0 (sr) is the Bessel function. The solution to equation (2.1) was determined by Hankel integral transformation technique (3.1). The temperature for the homogeneous half-space in the Hankel transform space which satisfies the regularity conditions at infinity (2.4) can be written in the form
where t 0 (s) is the unknown function. We considered the following cases.
Case A
Let n = 1. The dependence of the heat conductivity coefficient on the coordinate z is described by the formula
where K S is the heat conductivity coefficient on the surface of the inhomogeneous half-space. The general solution to differential equation (2.1) in the Hankel transform space specified in the coating can be written in the form
where 2α (±) = −α ± √ α 2 + 4s 2 , t 1 (s) and t 2 (s) are the unknown functions.
Case A'
Let n = 1. The dependence of the heat conductivity coefficient on the coordinate z is described by the power function
In equation (3.5) for the case K 0 < K S , we take sign "+", when
The Hankel transform of temperature in the coating can be written in the form
where 2p
Moreover, if the analytical solution of partial differential equation with variable coefficient (2.1) is not known, the non-homogeneous coating can be replaced by a multilayered system of homogeneous layers. Their thermal properties are described by their heat conductivity coefficients
Case B
The coating composed of n homogeneous layers. The general solution to equations (2.1) expressed in the Hankel transform domain takes the form
where t i (s), i = 1, . . . , 2n are the unknown functions.
Case C
The multilayered coating with a microperiodical structure. Assume that the repeated fundamental layer comprises two homogeneous elastic sublayers with different thicknesses (h I and h II ) and thermal conductivities (K I and K II ). A large number of equations and boundary conditions on the interfaces complicates the solution of the problem. Another approach is using a homogenized model (Choi and Paulino, 2008; Diao, 1999) in which properties of the homogenized coating are determined on the base of properties of the components. Applying the homogenized model to the coating, we solve the boundary value problem described by the equation (Matysiak and Woźniak, 1987; Woźniak, 1987 )
where T 1 is the temperature in the homogenized coating
the boundary condition imposed on the surface of the non-homogeneous half-space
and boundary conditions of perfect thermal contact between the homogenized coating and the substrate
Boundary conditions (2.4) stay without change. The general solution to equation (3.9) in the Hankel transform takes the form where the functions t i (s) are obtained from the solution to linear equations (see Appendix A), q(s) is the Hankel transform of heat flux, K = K n in Case A, A', B and K = K c p 1 in Case C. Applying the inverse Hankel transform to equations (3.2), (3.4), (3.6), (3.8) and (3.13), temperature can be find at the desired location (see Sneddon, 1966 )
At internal points of the non-homogeneous half space (z < h) the integrals are evaluated numerically using the Gaussian quadrature (Abramowitz and Stegun, 1964) . On the surface z = h, we take into account the asymptotic behaviour of the functions t 2n−1 (s) and t 2n (s) as s → ∞. The continuity of the results when z → h has been also verified.
Numerical results and discussion
Assume that the heat flux is elliptically distributed as follows
where r = r * /a = 1 is radius of the circle heat zone and the heat flux (4.1) in the Hankel transform space takes the form (Gradshteyn and Ryzhik, 2015)
where J 3/2 (s) is the Bessel function. The analysis of the original relations in Case A (or A') shows that the solution of the problem of modeling of the inhomogeneous coating by the package of homogeneous layers depends on three (Case A) or four (Case A') dimensionless parameters: thickness of the coating h, ratio of heat conductivity coefficients on the surfaces of the non-homogeneous half space and the substrate K S /K 0 , parameter α (only for Case A') and the number of layers in the package n. A similar solution obtained for an inhomogeneous coating with regard to the continuous dependence of thermal properties on the coordinate is independent of the parameter n. In what follows, we assume that h = 0. Fig. 2 show good agreement between the solutions obtained using the analyzed two models of the coating. As follows from Fig. 3 , the maximum absolute error of calculation of the radial heat flux component can be observed on the end of the heated zone for r = 1. 
The values of the radial heat flux in this point are presented in Table 1 . The analytical solution is presented in the rows of Table 1 with n → ∞. The relative error of their evaluation with the help of modeling of the inhomogeneous coating by the package of n homogeneous layers is given in columns with n = 10, 20, 40, and 80. It is easy to see that as the number of layers becomes twice larger, the corresponding error becomes almost twice lower. In the case where there are 80 layers in the package and K 0 /K S 8, the error of finding the heat flux at the point r = 1, z = h does not exceed 2.2%.
Estimating the original relations, we conclude that the distributions of temperature and heat flux in the problem of homogenized coating (Case C) depend on four dimensionless parameters: thickness of the coating h, ratios of heat conductivity coefficients K I /K 0 and K II /K 0 and the ratio of the thicknesses of layers in the strip of periodicity h I /h II . Similar distributions for the non-uniform coating additionally depend on the number of layers in the coating n. To decrease the number of input parameters, we assume that the thermal properties of one layer in the strip of periodicity coincide with the thermal properties of the base (K I /K 0 = 1 or K II /K 0 = 1) and the thicknesses of all layers in the stack are identical (h I /h II = 1). We also assume that Table 1 . The dimensionless radial heat flux at the point r = 1, z = h (n → ∞) and the errors of their evaluation as a result of modeling of the inhomogeneous coating by the package of n homogeneous layers n = 10, 20, 40, and 80 The dimensionless temperature at the centre of the heating area for different thicknesses of the coating and different numbers of layers is presented in Table 2 Figures 4a and 4b show the dimensionless radial heat flux as functions of z for r = 1 and two numbers of layers (n = 20 and n = 40). In Fig. 4 , the rhombi mark the numerical results obtained for the non-homogeneous laminated coating, whereas the solid lines correspond to the homogenized coating. It should be emphasized that in the case of homogenized coating, we do not know which layer of the slip of periodicity is located at the analyzed point of the coating. Hence, the radial heat flux at every point of the coating is described by the two curves. Curves 1 and 2 correspond to the heat flux acting in the layers with smaller and larger heat conductivity coefficients, respectively. In the homogeneous substrate, curves 1 and 2 coincide.
Comparing the heat flux obtained in both analyzed problems, we conclude that only in the case of the heat flux acting in the homogeneous substrate we get deviations comparable with the deviations of temperature. In the layers of the coating, the deviations of heat flux vary from 1%-5% (K 0 /K I 4, n = 20) up to 10%-20% for the heat flux acting on the boundary of the region of heating. The indicated deviations strongly depend on the gradient of the analyzed parameter in the investigated layer of the slip of periodicity, which explains the following obse- rvations: in the layers with lower heat conductivity coefficients, the deviations are much smaller (Fig. 4 ) and the maximum deviations are observed at the point (1, h). As could be expected, the agreement between the solutions improves as the number of layers in the coating increases.
Conclusions
This paper provides the solution to the problem of the inhomogeneous half-space heated by the heat flux. It is shown that the solution to the problem for a package of 20-80 homogeneous layers is in good agreement with the analytical solution to the problem for the coating whose dependence of the heat conductivity coefficient on the coordinate z is described by an exponential (or power) function. This is a strong argument for the possibility of modeling of the gradient coating with continuous variation of thermal and mechanical properties by a package of homogeneous layers. It is shown that the solution of the axisymmetric problem of heat conductivity for the half--space with a laminated coating of the periodic structure heated by heat flux is in good agreement with the solution of the problem in which the coating is modeled by a homogenized coating. The smallest deviations are obtained while finding the temperature and heat flux in the homogeneous substrate. 
